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EVOLUTION OF SPACELIKE SURFACES IN ANTI-DE 
SITTER SPACE BY THEIR LAGRANGIAN ANGLE 

KNUT SMOCZYK 



Abstract. We study spacelike hypersurfaces in anti-De Sitter 
spacetime that evolve by the Lagrangian angle of their Gaufi maps. 



^ ! 1. Introduction 

q 

r-| ! In Lorentzian manifolds spacelike hypersurfaces of prescribed curvature 

(mean, scalar, GauB etc.) are of great interest. To prove existence 
of such hypersurfaces, many authors use either elliptic or parabolic 
methods. E.g. in |E], |E2] . |EH] mean curvature flow and variants of it 
have been used to generate spacelike hypersurfaces of prescribed mean 

>■ ' curvature. 

cn . One advantage of the parabolic method is, that one can often prove 

existence of solutions merely under reasonable geometric assumptions 



on the initial hypersurface - imposed in terms of algebraic expressions 
O ' involving the second fundamental form - and e.g. the existence of 

barriers might not be needed. In this paper we will see that there 
exists another interesting geometric flow for spacelike hypersurfaces in 
anti-de Sitter spacetime, where the GauB maps of the hypersurfaces 
/\ • move by the Lagrangian mean curvature flow. Our aim is to prove the 

j^ ■ following two theorems: 

Theorem 1.1. Let {N,g) be a time-oriented Lorentzian manifold of 
signature {n, 1) and of constant sectional curvature —k < 0. Suppose 
Fq : M ^ N is a smooth spacelike immersion of a closed n- dimensional 
manifold M . There exists T > and a smooth solution F : M x 
[0, T) ^ N of the evolution equation 

j^F{p,t) = (P{p,t)u{p,t) , VpGM,VtG[0,T), (1) 

F{p,0) = Fo(p), VpGM, 
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where vij), t) denotes the future directed timelike unit normal at F{p, t) 
and (p : M -^ M. is the function 



—= > arctan -^ (2) 



1=1 

with Ai < ■ ■ ■ < A„, denoting the principal curvatures of the immersion. 
In particular, despite the fact that A = (Ai, . . . , A^) : M — t- M" zs merely 
continuous, the function (f) is smooth. 

Theorem 1.2. Under the same assumptions as in Theorem M . 1\ assume 
in addition n = 2 and that the Gaufi curvature K = X1X2 of the initial 
surface satisfies 

\K\<K. (3) 

Then this condition is preserved during the flow, a smooth solution of 
(OP exists for allt G [0, 00) and F converges smoothly and exponentially 
to a spacelike limit surface with vanishing mean curvature H = Xi + 
A2 = and with —k, <K<K,ast^oo. 

Remark 1.3. We remark that the condition \K\ < k implies that the 
two components of the associated Gaufi map ^ : M — )■ G'rJ(2,4) = 
H^ , r^ X H^ ,- (see below) are immersions. Another interpretation can 

be given in terms of the two-positivity of the tensor Sij = Kgij — h^^hij 
w.r.t. the metric aij := ngij + h^hij. where gij resp. hij denote the first 
resp. second fundamental tensors of F. For some geometric evolution 
equations two-positivity can be preserved, e.g. this has been shown in 

jTW] , 

Definition 1.4. The function defined in equation ([2]) wiU be called 
the Lagrangian angle. 

The last definition and also the fiow defined in ([1]) is motivated by the 
following observation: Let us consider the anti-De Sitter space AdSs as 
the standard model of a Lorentzian space form with constant negative 
sectional curvature —1 represented by the hypersurface 

AdS3 = {VeRt-{V,V\, = -l} 

and equipped with the induced Lorentzian metric, where M2 denotes 
M^ with its pseudo-Riemannian metric 

{V, W)^ ^ = V^W^ + v^w'^ - v^w^ - v^w^ . 

The Gaufi map of a spacelike surface M C AdSs C M2 '^^^ be consid- 
ered as a map ^ : M — )■ Or 2 {2, 4), where GrJ(2, 4) denotes the Grass- 
mannian of oriented spacelike planes in M.2- Moreover, up to scaling 



GrJ(2,4) is isometric to H^ x H^. By results of Torralbo and Urbano 
[T] . |TUj . the GauB maps are Lagrangian. In the appendix (Lemma 
15.21) we will show that is the Lagrangian angle of the GauB map and 
we will also prove (Lemma l5.3l) that the GauB maps of spacelike surfaces 
M in AdSa moving by ([1]) will essentially, i.e. up to some tangential 
deformations, evolve by the Lagrangian mean curvature flow. 

The flow defined by ([T]) has been treated in some Riemannian cases, i.e. 
when (A^, g) is a Riemannian manifold. Andrews [X] studied the defor- 
mation of surfaces in S^ by flows that allow an optimal control of the 
GauB curvature and he detected an optimal flow with the same driving 
term as defined in equation ([2]), where in his case Ai, A2 are the two 
principal curvatures of the surface M C S"^. In the same paper the 
following was mentioned without proof: If one considers M C S''^ C M^ 
as a submanifold of M^, then the GauB maps ^ : M — > G'r(2,4) of 
M into the Grassmannian Gr(2,4) of 2-planes in M^ will evolve by 
the mean curvature flow. We remark that a detailed analysis will ac- 
tually show that this holds only up to tangential deformations of the 
image in G'r(2,4) (compare also with Lemma [5.31 and with the compu- 
tations in the appendix). On the other hand, Castro and Urbano |CU] 
proved that the GauB maps ^ : M — )■ Gr(2,4) of surfaces M C 5"^ 
are Lagrangian. Combining the results of Andrews and Castro, Ur- 
bano we see that an evolution of surfaces M C S''^ by the function 
(f) = arctanAi + arctanA2 will induce (at least up to tangential de- 
formations) a Lagrangian mean curvature flow of their GauB maps 
^ : M — )■ Gr(2,4). In analogy to Lemma [5.21 one can also show that 
is the Lagrangian angle of the GauB map, i.e. the mean curvature 
1-form T of the GauB map satisfies r = d(j). 

In another case, ii 6 = du is an exact 1-form on a flat manifold M and 
the graph of du considered as a submanifold in the cotangent bundle 
iV := T*M (equipped with the flat metric) evolves by the Lagrangian 
mean curvature flow, then the potential u evolves by 

-—u = > arctan Aj , 

where Aj are the eigenvalues of the Hessian D^u and D denotes the flat 
connection. In particular, = X]r=i arctan Aj is again the Lagrangian 
angle. For details see |SW] and |S2j. Recently the Lagrangian mean 
curvature flow has been generalized to the case of Lagrangian subman- 
ifolds in cotangent bundles T*M of Riemannian manifolds {M,g). If 
the Lagrangian submanifold can be represented as the graph of a closed 
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l-form 9 G fi^(M), then there exists a generahzed Lagrangian angle 
similar to the function defined above, where now A^, A; = 1, . . . , n are 
the eigenvalues of the symmetric tensor D9^ D denoting the Levi-Civita 
connection of the metric on M. For details see ^SW2J . 

The organization of this paper is as follows: In section [2] we will intro- 
duce our notation and briefiy recall some of the geometry in Lorentzian 
manifolds of constant sectional curvature. In section [3] we will first 
study arbitrary variations of spacelike hypersurfaces in Lorentzian man- 
ifolds of constant sectional curvature — k < and we will then char- 
acterize the fiow defined in ([1]) as optimal w.r.t. the reaction term in 
the evolution equation of the driving function (Lemma I3.5p . In this 
section we will also prove the smoothness of (p and Theorem 11.11 Sec- 
tion 4 is completely devoted to the two-dimensional case. We will first 
prove uniform C^- and C^-estimates and can then establish the proof 
of Theorem 11.21 In the appendix we will explain the relation between 
4> and the GauB map of spacelike surfaces in AdSa and we show that 
the GauB maps will evolve under the Lagrangian mean curvature fiow, 
if the spacelike surfaces in AdSs evolve by ([1]) . 



2. Geometry of spacelike hypersurfaces in Lorentzian 

space forms 

In this section we recall some basic facts concerning the geometry of 
time-oriented Lorentzian manifolds {N,g) of signature (n, 1) and of 
constant sectional curvature —k < 0. li k = 1 and A^ is complete, 
then (iV, g) is called a complete anti-De Sitter structure. Of particular 
interest in this paper will be the three-dimensional case. By results 
of Kulkarni, Raymond |KR] and Goldman |G2] we know that closed 
3-manifolds with a complete anti-De Sitter structure are necessarily 
orientable Seifert fibre spaces with nonzero Euler number and with 
hyperbolic base. In a celebrated paper by Mess [M] (which despite 
its great infiuence it had, was unpublished until recently; see also the 
"Notes on Mess' paper" [ABB"*"] , published in the same volume), max- 
imal globally hyperbolic Cauchy-compact spacetimes (called "domains 
of dependence" ) of constant curvature in 2-M dimensions were studied. 
Recall that a globally hyperbolic (Cauchy-compact) spacetime A^ is a 
spacetime admitting a (compact) spacelike hypersurface M such that 
every inextendable timelike curve intersects M exactly once and such 
that the order relation is given by the existence of isometric embed- 
dings. Mess gave a classification in the fiat and anti-De Sitter cases. 



The De Sitter case was also studied by Mess but a classification was 
obtained later by Scannell [S]. In the anti-De Sitter case, domains of de- 
pendence are quotients of convex open sets of the anti-De Sitter space, 
by discrete groups of isonietries. Mess exhibited a one-to-one corre- 
spondence between anti-De Sitter domains of dependence and pairs 
of points in the Teichmiiller space. This result has been extended to 
2 + 1-dimensional anti-De Sitter domains of dependence having only a 
complete Cauchy surface by Barbot pB] and Benedetti and Bonsante 
[BBj . Locally, any Lorentz three- manifold with complete anti-De Sit- 
ter structure is isometric to the classical model AdSs (or likewise to its 
simply connected universal cover). 

Suppose now that F : M ^ N is a smooth spacelike immersion of an 
n-dimensional oriented manifold M into a time-oriented spacetime of 
constant sectional curvature —n, k, > 0. To describe the geometry of 
(M, F*g) and {N, g) we will often use local coordinate systems {U, x, Q) 
and (V, y, A) for M resp. A^ where we assume here and in the following: 

i) f/ C M is an open set around some point p & M and x : U ^ Q 

is a diffeomorphism between U and some open set Q C M". 
ii) V^ C A^ is an open set around the point q := F{p) G A^ and 

y : V —> A is a. diffeomorphism between V and some open set 

A C M"+^ 
iii) The coordinate systems are always chosen in such a way that 

F{U) C V. 
iv) For the set of coordinates on M we will use Latin indices, i.e. x = 

(x*)j=i^... „. Similarly, we will use Greek indices for the coordinates 

on A^, i.e. y = {y")a=i,...,n+i- 

In these local coordinates, geometric quantities on M and A^ will then 
often be distinguished simply by use of Latin or Greek indices, e.g. 
9 = Qapdy"' ® dy^ and F*g = gtjdx^ ® dx^ will denote the Lorentzian 
resp. the induced Riemannian metric tensors on A^ resp. M. We 
also define F°'{x) := (y" o F){x) and using the Einstein summation 
convention we have 

9ij = 9a(sF°'Fj , 

where F°' := dF°'/dx\ Let V denote the Levi-Civita connection on 
(M, F*g). The second fundamental tensor A is by definition A = VdF, 
where 

d 

dF = F"—- (g) dx' e T(F*TN ® T*M) 
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is the differential of F . The second fundamental tensor h = hijdx'^®dx^ 
w.r.t. the future directed timelike unit normal u = J^"^^ along F{M) 
is given hj h = —g{A, v) and can be expressed in local coordinates by 
GauB' formula 

d'^F°' u 5F" dFl^ (9FT 

where F^!^- and F^^ are the Christoffel symbols of gij resp. gap. The 
principal curvatures Ai, . . . , A„ at a point p E M are the eigenvalues of 
the Weingarten map 



: TpM -^ TpM , W{V) = Vyi/ 



which in local coordinates applied to a vector V = V^^ is given by 



WV = '^'IV'—^ , Wl = h'^i = g^^hu 



dx^ 

where {g^^)k,i=i,...,n denotes the inverse of {gki)k,i=i,...,n and where indices 
will be raised and lowered w.r.t. the metric tensors g^j resp. g'^K 

Two other important relations are given by the Codazzi equation 

Vj/ijfc = Vjhik (5) 

and the Gaufi' equation which in view of the constancy of the sectional 
curvatures on (A^, g) is 

Rijki = —i^igikgji — gug-jk) — hikhji + huhjk . (6) 

Here Rijki is the Riemannian curvature tensor w.r.t. the metric gij on 
M . Using the rule for interchanging derivatives together with ([5]) and 
([6]) we compute 

'Vi'Vjhki = 'Vi'Vkhij 

= VkVihij + BJ^i^Jlmj + R^jkihlm 

= Vk^lhij + R^lki^rnj + R^jki^lm ■ (7) 

We will use ([7]) in the sequel (the trace is known as Simons' identity). 

3. Variations of spacelike hypersurfaces in Lorentzian 

space forms 

In this section assume that for some T > we are given a smooth 
family of spacelike immersions 

F:Mx [0,T) ^ AT 



such that 

j^Fip,t) = fip,t)uip,t), VpeM,VtG[0,r), (8) 

where /(■, t) is a smooth function depending smoothly on the principal 
curvatures Ai, . . . , A„ of the immersed hypersurface Mt := F{M, t), and 
where i^{p,t) is the future directed timelike unit normal at F{p,t). 

The evolution equations for the first and second fundamental forms 
are described in the next Lemma, a proof of which can be found in the 
literature (c.f. [G], see also |EHj ) 

Lemma 3.1 (Evolution equations). The evolution equations of the first 
and second fundamental form of spacelike hypersurfaces in Lorentzian 
manifolds of constant sectional curvature —n evolving by ^ are 

— gij = 2fhij, (9) 

— hij = ViVjf + fhi''hjk-Kfg,j. (10) 

For a smooth function / depending on the eigenvalues (Aj)j=i_,,,^„ of the 
second fundamental form let us define the tensors 

pj ._ ^/ pj,kl ^ J 



dhij dhkidhij 



Then 



ViV,-/ = V,{f''VjhH) 



f'^V.Vjhki + f'^'^'V.h^Vjh 



I'M ■ 

If we insert this into ( !T0|) and use ([6]) , (j7]) , then we get 
j^h,, = f^'VkVih,, + f^''^''V^hp,V,hki 

—nf {hjkga — hijgu + hkigij — hugjk) 

+f {~hj hmkhii + hl^hmjhki — hjl^hmihij + h-"^hmihjk) 

+fK%k - ^^fg^j ■ (11) 

If G is another smooth function that depends smoothly on the principal 
curvatures, we may consider G as a function of the tensors hij and g^\ 
so that for example 

dG dG 

f)G 

VM (12) 



dh 



kl 



and 
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•^ dx^dx^ ^■' dx^ 



dG d'^G 



Likewise 



Let us define 



d ^ dG d , dG d 

dt dhijdt '^ dg'^ dt 



G = T;i--h., + T^-^9'^. (14) 



Qkl ._ ^G (^kl,pq ._ ^ G 



dhki dhpgdhki 

Then combining ([9]) and (ITOll one gets 



Lemma 3.2. Under the flow ([^j the evolution equation of an arbitrary 
smooth function G, depending smoothly on the eigenvalues Xi, . . . , Xk 
of the Weingarten map W is 

+f (^G'^ihuh^^ - ^g,,) -2^h'^^ . (15) 

We observe that for G = f the first two hnes on the RHS vanish so 
that we obtain as a corollary: 

Corollary 3.3. Under the flow ^ the evolution equation of f itself is 
I / = r^V.V,-/ + / (f'ihah^j - Kg,,) - 2^hA . (16) 

So far, / is arbitrary. If we want the flow to be parabolic, then we must 
assume that the tensor f^^ is positive definite. Our idea is to choose a 
function / in such a way that the flow is parabolic and such that the 
reaction terms on the RHS of (TT6l) simplify as much as reasonable, e.g. 
so that the term in the brackets is constant. 

To make an ansatz, we first consider the case n = 1, so that / merely 
depends on the (mean) curvature A = g'^^h^i. We then obtain 

fkl _ fikl ^J _ fti 



dg 



kl 



where /' = df/dX. Hence 

d_f 
'dg 



rihuh'^ - Kg,^) - 2-L.h^' = -f\K + A^) . 



The flow is parabohc if /' > 0. Thus we are looking for a monotone 
increasing (in A) function / for which 

for some constant c. But k > 0, /' > and /t + A^ > imply c > 
and then 

/(A) = —= arctan —= + a , 



with some arbitrary constants a and c > 0. We will choose c = 1 and 
a = 0. For general n we now simply sum over all eigenvalues of the 
Weingarten map and thus define 

f{p) ■■= M = ^ E ^^^^^^ ^ • (17) 






For each k the function Afc is continuous but in general not smooth. Sur- 
prisingly, as the next Lemma shows, the function cf) in flTTl) is smooth. 



Lemma 3.4. Suppose F : M ^ {N, g) is a smooth spacelike immersion 
into a time-oriented Lorentzian manifold of constant sectional curva- 
ture —K < and let A = (Ai,...,A„) denote the principal curvature 
functions on M . The function : M — ^ R defined in (11) is smooth. 



Proof. Let Ai < A2 < • ■ ■ < A„ : M — )■ M be the principal curvature 
functions on M. It is well-known that each Ajt is continuous but in 
general not smooth. Hence is at least continuous. W.l.o.g. we may 
assume k = 1. On M" we consider the following three smooth functions: 



a:M"^ 



( — ^'^) ' a{xi,...,Xn) = y ^ arctan Xfc, 

fc=i 

[V] 
R , a{xi, ...,Xn):= J^ (-l)''s2fe+i(xi, . . . , x„) 



a : K — ;■ K 

fc=0 

[t] 
h:W^^, b{x,, . . . , x„) := 5^(-l)'s2fc(xi, . . . , x^ 

fc=0 
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where Sk are the elementary symmetric functions, e.g. 

n 
So{Xi, ...,Xn) = l, Si{xi, ...,Xn)=y^^Xk 

k=l 

and 

n 
^n\Xi, • • • ) Xj^j II Xif . 

k=l 

By induction one can show 

n 

a^(a;i, . . . , x„) + 6^(xi, . . . , x„) = ]^(1 + xl) > I , 

k=l 

so that a and h cannot vanish simultaneously in a point x G M". Let 

Ua ■■= {x eW : a{x) ^ 0} and Ub := {x G M" : b{x) ^ 0}. Then 

UaU Ub = M" and both Ua and f/(, are open. We obtain two smooth 

functions 

/ TT 7r\ , , b(x) 

aa : Ua ^ ( — — , — , aaixj := — arctan 



2'2y ' "' ' a{x) 

TT 7r\ a{x) 



at -.Ub^ f--, -j , abix) := arctan 



6(x) 



Now at each x & Ua ^e have 

daa 1 i9q; 



9xfc 1 + a;^ dxk 
and likewise at any x E Ub 

dab 1 <9q; 



so that aa — a resp. a;, — a are constant on each connected component 
of Ua resp. Ub- We are now ready to prove the smoothness of 0. Let 
p G M be arbitrary. At p we must either have a{\i{p), . . . , A„(p)) 7^ 
or 6(Ai(p), . . . , Xn{p)) 7^ 0. W.l.o.g. assume b{\{p)) 7^ (the other case 
can be treated similarly). Since the elementary symmetric functions 

Sk-.M^R, p^ Sfc(Ai(p),...,A„(p)) 

are smooth {sq = 1, Si = H, . . . ,Sn = K), we know that a := ao X and 

b := bo X are smooth functions on all of M since they can be expressed 

in terms of the elementary symmetric functions. Choose a small open 

neighborhood U <Z M around p with b{X{q)) 7^ for all q E U and such 

that X{q) lies in the same connected component of Ub for any q E U 

(the latter works due to the continuity of A). Then = a o A implies 

that (h — arctan 2i is a constant function on U. Since arctan i is smooth 
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on U, so must be (p. This proves the claim. 

D 



Let us define 




aij := KQij + h^ hij . 


(18) 


Prom the construction of we get 




50 M 
dhu 


(19) 


Qgki = 9rkh,ia^, 


(20) 




(21) 



where a*-' shall denote the inverse of a^j. 

(22) 

Proof of Theorem ll.lt By Lemma 13.41 the function is smooth 
and since a*-' = q^ is positive definite, the fiow defined by ([1]) is 
parabolic. The statement now follows from the standard theory of 
parabolic evolution equations on smooth compact manifolds. 

D 

Applying (fT9|) and (120|) to the general evolution equation ( TT6|) in case 
/ = we obtain 

Lemma 3.5. Under the flow given by equation (|7]j we have 

±^ = a^J^,Vj(j)-n<f). (23) 

Proof. This follows directly from the construction of and likewise 
from equations (|T9l). fl20|) : 

P{huh)-Kg,,)-2-^h'^' = a'3{huh'^-Kg,,)-2g,kh,ia^^h^' 



-a'^ {ngij + huh' j) 



U 



-a^^a^i = —n. 



A direct consequence of (!23ll and the maximum principle gives: 
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Lemma 3.6. Under the flow given by equation (CP the Lagrangian 
angle (j) satisfies the estimate: 

inf 0(g, 0) < 0(p, t)e"* < sup <j){q, 0) , V(p, t) G M x [0, T) . 
Note that the quantity Qikhjia^^ is symmetric in k and /. More generally, 

(r) 

for any non-negative integer r we define a tensor /i^^ by 









9is 




,r = 








his ■= < 


iT-is 

i.f'- 


'h^s 


,r = l 
,r > 2. 




Then 


we have 












Lemma 3.7. 


For all integers 


r, s 


> tht 


3 following symmetry holds: 








hij 




(24) 



Proof. We choose an orthonormal basis ei, . . . , e„ at a point p G M so 
that /ijj becomes diagonal at p, i.e. 

/lij = diag(Ai,...,A„). 

(k) 

Then all tensors /i^ ■ become diagonal at p as well, more precisely 

/^y = diag(A^ . . . , A^) . 
In addition we have at p 

aij = diag(fi: + Xf, . . . , k + A^) , a^^ = diag 



fi; + A?'"""'K + A2_ 
This implies the symmetries. D 

4. The two-dimensional case 

In the two-dimensional case we are able to prove a longtime existence 
and convergence result under the assumption that the GauB curvature 
K of the spacelike surface is strictly bounded by 

-K < K < K. 

Therefore, in this section let us assume n = 2 and let i^ = A1A2 be the 
Gaufi curvature and H = Xi + X2 the mean curvature. 

From K = ^ (iJ^ — |/ip), where |/ip = Af + Ag is the squared norm of 
the second fundamental form, and from ra = 2 we get 

h'-- = Hh,j - Kg,, . (25) 



nm + {k - 

1 


-KY 


1 


-Kf 
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An easy computation yields 

{{2{k -K) + H^)g'^ - Kg'^ - Hh'^ + Kg'^) 

Moreover we compute 
and 

O TJ" O TV" 

-— = /ij,- , -— = Hhij — h-- = Koij . (28) 

dg""^ dg^^ ^ 

Like in the previous sections, let G denote an arbitrary function de- 
pending smoothly on the eigenvalues Ai,A2 of the Weingarten map. 
Since Ai and A2 can be computed from H and K, we may assume that 
G depends only on H and K. We set 

From fl27|) and fl25]) we conclude 

G^^ = ^ = Gh^ + Gk^ 

dhij dhij dhij 

= Gng'^ + GKiHg^^-h^n 

= {GH + HGK)g''~GKh'^ (29) 

and 

dG 

^-j = KGK9^, + GHh,. (30) 

From the general evolution equation of G given by equation (llSp we 
now derive 

jG- a'^V^VJG = (G'VP"'^' - a'^G^'^'^^) WihkNjhp^ 



+G'^a^\V,Vjhki - VkVihij) 
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We first simplify tlie last term 



= {{Gh + HGK)g'' - GkH'^) [Hh,, - («: + K)g,,) - 2{KGKg,, + GHK,)h'^ 

= {Gh + HGk){H^ - 2{k + K)) - HGK\h\^ + H{k + K)Gk - 2HKGk - 2\h\^GH 

= Gh{H^ - 2{k + K)- 2|/in + HGk{H^ - 2{k + K) - |/i|2 + ^ + K - 2K) 

= -{H'^ + 2{k-K))Gh-H{k + K)Gk (31) 

Let us also compute the second term: 

G'^a'\V,VjhM-VkVih,j) 

= —G'^^a {Rmlikh^j + Rmjikh"^l) 

= (k + K)G'^a^\hijgki - h^jgu + hugjk - hkigij) 
= {k + K){G'^h,,a'''gM - G''g^Ja''hkl) • 

On the other hand we compute 

G'^h,, = [{GH + HGK)g''-GKh'']h,, 
= HGh + 2KGk, 

G'^g^j = [{GH + HGK)g''-GKh'qg,, 
= 2Gh + HGk , 



kH^ + [k, — Ky ' 



kl 
2 \U\2\ 



and 



H{k-K + H^ - \h\ 
kH^ + {k- KY 
H{k + K) 

kH^ + {k- Kf 



2iK-K + H^) - H^ 



kH^ + {k- Kf 
2{k-K) + H^ 
kH'^ + {k- Kf 
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SO that 



K){G'- 

K + K 



K + K){G'^^h,,a'''gki-G'^gi,a''h 



klj 



-(2Gh + HGk)H(k + K)) 

-^^^^±JL_(^HG„{2(. - K) + H^ - 2(. + K)) 

+Gk{2K{2{k -K) + H^) - H\k + K) 
{k + K){H^ -AK) 



■(hGh-{k-K)Gk 



So far, combining everything we have shown: 

Lemma 4.1. Suppose M is 2-dimensional and F : M x [0, T) — ;■ 
A^ evolves by (Qp. Then the evolution equation of a function G that 
depends smoothly on the principal curvatures is given by 

jG-a'^ViVjG = {G'^aP'i'''^ -a'^GP'''''^)VihkiVjhpq (32) 

-0 {{H^ + 2{k - K))Gh + H{k + K)Gk) ■ 

The next lemma is interesting in its own right since it gives a precise 
relation between the full norm of V/i and VH on general 2-dimensional 
Riemannian manifolds. 

Lemma 4.2. Let {M,g) be a 2-dimensional Riemannian manifold and 
suppose h G r(T*M ® T*M) is a smooth symmetric Codazzi tensor, 
i.e. in local coordinates we have h = hijdx'' ® dx^ and 

hij = hji Vz,j, (33) 

S/ihjk = ^jKk "^ij^k, (34) 

where V denotes the Levi-Civita connection of g. Let H = g^^hij be 

o 

the trace and hij := hij — H/2gij be the tracefree part of hij. Then the 
following identity holds: 

2\h\^{\Vh\^ - \VH\^) = |V|^|Y - 2hijV'\h\^V^ H . (35) 
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Proof. Let p G M be arbitrary. At p we choose normal coordinates 
such that h is diagonal at p, say h^ = diag(Ai,A2). This is possible 
since hij is symmetric. Then we compute 

2 

i,j,k=l 

= (viii)' + 2(ViM' + (V2L)' 

+(V2M' + 2(V2M' + (ViM' • 

o o o o 

Since hu = — /i22 we obtain Vihu = —Vih22 and then 
IV^P = 4(Vi^n)' + 4(V2M' 

+2 ("(Viis)' - (Vs^ii)' + (V2L)' - (ViL)'") .(36) 
Next we compute 



fc=l \i,j=l 



2 



2 / \ 2 

' - o o o ^ 



4 ( huVlhii + /l22Vl/l22 1 + 4 ( huV2hll + /;,22V2/i22 

4 (^2^nVi^n) j + 4 f-2^nV2L) 

IQiki? f(Vi^n)2 + (V2L)'l . (37) 



o o 



Combining ([36]), dST]) and |/i|2 = (/in)^ + (/i22)^ = 2(/iii)2 we get 

2|^|2.|v^|'-|v|^lY = Mhf ((ViM' - (V2L)' + (V2L)' - (ViL)' 

(38) 
From Wihjk = V jhik we obtain 

o ° 1 

so that 

(Vi^l2)'-(V2^1l)' = ^(Vi^i2 + V2^1l)V2// = V2^1lV2i^+^(V2i^)' 



and 



(V2L)' - (V1L2)' = ViLVii/ + ^(Vii/)' , 



17 

Then (JSHD implies 

2\h\^ ■ \Wh\^ - I Vl^lT = I^P ( |Vi/|^ + 4S/ih22^iH - 4V2^22V2i/ ) • 

(39) 
In a next step we compute 

Vil^l' = 2hnVihn + 2h22Vih22 

= -4hnVih22 (40) 

o o 

where we have used that |/ip is a smooth function and hij is diagonal 
and tracefree. Then we get 



hijV'\h\^V^H = huVi\h\^ViH + h22V2\h\^V2H 

-A{hiifV ih22V iH - 4h22hnV2h22V2H 



iOJ .,. ^2, 



= -(/ln)2(4Vi/l22Vii/-4V2/i22V2//) 
= -^|^P(4Vi^22Vi/7-4V2^22V2i/). 

Combining with f l39|) we get 

and equation i^ follows from |V/ip = |V/ip - ||Vif p . D 

o o o 

Corollary 4.3. zj From g^^hikhji = \h\'^gij it follows 

a) In case VH = we obtain the optimal Kato identity 

{2\h\^ - H^)\Vh\^ = |V|/i|T- 

Hi) Applying (E^) ^o the mean curvature H and the Gaufi curvature 
K = det h'^j we get 

{H^ -AK){\Vh\'^- \VH\^) 

= 2{Hg'^ - h'^)[HViHVjH - 2ViHVjK) 

-2H{VH,VK)+A\VK\^ . (41) 
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4.1. C^-estimates. Let us first compute the evolution equation of tlie 
Gauf5 curvature K. We use equation (1521) with G = K. In this case we 
obtain 

Gk = 1, Gh = 0, G'^ = Hg'^ - , G^'^'''^ = g'^^g'"' - g^'^g"^ . (42) 

Then a straightforward computation using Codazzi's equation and equa- 
tions (ED), dUD shows 

1 



(fi:iJ2 + (/, _ 7^)2^ 



|(fi:2 - K2)(i/2 + 2{k - K)){\Vh\^ - |Vi/p) 

- (^2 _ K^)H{Hg'^ - h'^)ViHVjH 

- 2KH^{Hg'^ - h'^)ViHVjK 

+ 2H{k - K){Hg'^ - h'^)ViKVjK 

- (k - Kf {H{VH, VK) - 2| VXp) } . 

Inserting this into equation fl32|) we have shown 

Lemma 4.4. /n dimension 2 i/iere exists a smooth function S and 
a smooth vector field V such that the evolution equation of the Gaufi 
curvature K induced by the flow (Qjj can be written in the form 

^K = a'^y.WjK + (ViT, V) + (k^ - K^)S - {k + K)H(P . (43) 

Lemma 4.5. Suppose n = 2 and that K^ < k,^ at t = 0. Then there 
exists a constant e > such that the estimates 

K-K > e, (44) 

K + K > (45) 

hold for all te [0,T). 

Proof. For real numbers x, y with xy < 1 one has 

X + y 



arctan x + arctan y = arctan 



1 — xy 
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If Ai, A2 denote the two principal curvatures, then n — K > is equiv- 
alent to 

Ai A2 



< 1 
and hence we have 

^ = ' f arctan ^ + arctan ^] = ' arctan ^^ . 

Lemma 13.61 implies that there exists a positive constant C < 7r/2, 
depending only on sup^g^^ |0(p, 0)|, such that 

kH^ <{k-K)^ tan'' {Ce-^') 

as long as K, — K > 0. Adding (/t — K)'' to both sides we get 

k' <{k + XI){k + Xl) = kH' + {k- Kf <{k- Kf{l + tan2(Ce-'*)) 

and therefore 

{K-Kf>K'cos\Ce-^') >0 

as long as n — K >Q. This shows that k, — K cannot tend to zero and 
that inequality (jH]) holds with e := kcos(C). The second inequality 
(H5|) follows from the evolution equation of K given by equation fj43l) 
and the maximum principle. D 

So far we have shown that the GauB curvature K stays uniformly 
bounded. To prevent the formation of thin "necks" we need to control 
the full norm \h\ of the second fundamental form. But this can be 
achieved by exploiting the bounds of K and tan{^/K,(f)) since 

/t|/i|2 = kH'^ - 2kK = (k - Kf tan2(v^0) - 2kK 

and the RHS is bounded. 

We summarize: 

Lemma 4.6. Suppose n = 2 and that the Gaufi curvature satisfies 
\K\ < K att = 0. Then the second fundamental form h stays uniformly 
bounded for all t G [0, T) . 

4.2. C"'"-estimates. Once we have uniform C^-estimates it is easy to 
derive uniform C^-estimates. Since the induced Riemannian metric Qij 
evolves according to 

d 

— Qij = 2(phij 
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and the second fundamental tensor hij is uniformly bounded, we con- 
clude that there exists a uniform constant C" > such that 

d 



dt 



9ij 



< C'\<P\gij 



holds for all t G [0,r). By Lemma 13.61 this can be further estimated 
and we obtain 

^ / ^ -i 



dt 



9ij 



with another uniform constant C > 0. Thus 

e-^('-^")^.,(p,0) < g.j{p,t) < 6^(1-'="*)^,, (p,0) 

for all {p,t) G M X [0,T). In particular, all induced metrics are uni- 
formly equivalent to the initial metric. 



4.3. Longtime existence and convergence. Using the key esti- 
mates obtained in the previous subsections, we are now able to prove 
Theorem 11.21 

Proof of Theorem II. 2t Since we have uniform C^-estimates we pro- 
ceed as in [Aj (see also \K2\ for details) and use a parabolic variant of 
the classical Morrey and Nirenberg estimates for fully nonlinear ellip- 
tic equations in two space variables to obtain uniform C^'"-estimates 
in space and C^'^'-estimates in time. Schauder theory then implies 
uniform C'^-estimates in space and time for any k > 1 and hence long- 
time existence of a smooth solution. Since in local coordinates we have 
^ F°' = (f)u°' we compute for any < ti < ^2 < ^ 



|F"(p,t2)-F°(p,ti)| 



t2 



<p{p,t)v''{p,t)dt 



< C{e 



-2ii 



'2*2 ^ 



(46) 



with some constant C > independent of ti,t2, where we have used 
Lemma 13.61 and the fact that all induced Riemannian metrics are uni- 
formly equivalent. Thus for any e > and any p E M there exists some 
ti > such that for all ^2 > ti the points F{p, ^2) and F{p, ti) lie in the 
same coordinate chart and the euclidean distance |F(p, ^2) — F{p,ti)\ 
in this coordinate chart is bounded by e. Since M is compact we ob- 
tain uniform and by P6|) exponential convergence of Mt = F{M,t) to 
a smooth limiting surface M^o C iV as t — ?■ 00. M^o is spacelike since 
all induced Riemannian metrics stay uniformly equivalent. Since by 
Lemma 14.51 the estimate k — K > e holds for some e > and all t > 
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we can express in the form = 4^ arctan ^^^ for all t E [0, oo). 
Then Lemma 13.61 implies that and H tend to zero as t — )■ oo and 
hence the mean curvature H of the limiting surface vanishes. Again by 
Lemma 14.51 we obtain that the GauB curvature of the limiting surface 
Moo satisfies —k, <K<k — e<K. This proves Theorem II .21 D 



5. Appendix 

With the same notations as before let us now assume that F : M —^ N 
is a spacelike immersion of a surface M into the anti-De Sitter manifold 
N = AdSs, represented by 

AdS3 = {VeRt-{V,V\, = -l} 

with its induced Lorentzian metric (■,■) that it inherits from Mg = 
(R^, (■, ■) ), where the inner product on M^ is given by 

AdSs is a 3-dimensional Lorentzian space form of constant sectional 
curvature —1 and is a vacuum solution of Einstein's equation with 
cosmological constant A < 0. AdSs contains closed timelike curves and 
hence is not simply connected. The simply connected universal cover 
of AdSs will also be called anti-De Sitter space and we denote it AdSa. 

Thus an immersion F : M — )■ AdSs can also be seen as an immersion 
of M into Mg- The GauB map of F is the map 

^:M^Gr+(2,4), p ^ TpM e Gr+{2,A) , 

where TpM is considered as an oriented spacelike surface in Rg and 
Gr2'(2,4) denotes the Grassmannian of oriented spacelike surfaces in 
Rg- It is well known that the Grassmannian Gr^(2,4) is isometric to 
^1/^2 ^ ^i/V2^ where H]^ /^ denotes the scaled hyperbolic plane 

IIi/v/2 := {^ G K? : {V, V^^ = -1 , l^^ > gj ^ 

where (Rf, (•, ■)_^^) denotes the usual Minkowski space. To understand 
the geometry of the GauB map ^ it is convenient to use the isometry 
between G'r^(2,4) and EI^/^ x H^/^ (since the sectional curvature of 
^1/^2 is ~2' ^^^2^(2; 4) is a Kahler- Einstein manifold of scalar curvature 

S = -8). 
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Let ei, 62, 63, 64 denote the standard basis of W^. We introduce a set of 
endomorphisms on M^: 



^! 



62 
63 

Ve4/ 



I-)- 



/e4\ 

-63 

-62 



E^ 



AA 




I'-eA 


62 
63 


I-)- 


-63 
-62 


vJ 




\-eJ 



^ 



AA 




I'-.A 


62 


i-> 


-64 


63 




-61 


\ej 




v-^v 



^2 



62 

63 

V64/ 



I-)- 



/-63\ 

64 

-61 

V62/ 



i?^ 



62 

63 

V64/ 



!-)> 



/62\ 

-61 

-64 

V63/ 



E^ 



/eA 




I'eA 


62 
63 


I-)- 


-61 

64 


\e,) 




iv-63/ 



(47) 



nl \2 






n3\2 



ri2\2 /77i3\2 



(^^ 



-(^f 



Id, 

:Id 



These endomorphisms satisfy 

rpl 77'2 7-i2 7-1I TTiS 

Moreover, if V G M^ is an arbitrary nonzero vector, then 

{V,ElV,ElV,ElV} 
forms a positively oriented basis and 

{V^ElV^ElV.ElV} 

a negatively oriented basis of M^. Associated to these endomorphisms 
are the following six symplectic 2-forms: 



u. 



and we have 



wi 



Wa 



{Et-,\^ and uj^:={E^;\. A = 1,2,?, 



62 A 63 + 64 Aei, 
61 A 63 + 62 A 64, 



w:; = Ci A 62 + 63 A 64, 



UJ 



LU_ 



00 



62 A 63 - 64 A Ci, 
ei A 63 - 62 A 64, 
Ci A 62 - 63 A 64. 
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For any spacelike unit vector e and any two vectors V, W we have 

{V,W\_^ = -ul{e,V)ul{e,W)-ul{e,V)ul{e,W) 

+ulie,V)ulie,W) + {e,VlJe,W\^^ 

= -ooi (e, V)uj^_ (e, W) - ut (e, V)^^ (e, W) 

+ujI (e, V)ujI (e, W^) + (e, V\^^ (e, W\^ . (48) 

Let i/jv denote the future directed timehke unit normal along AdSs C 
Mg- The orientation of M^ induces an orientation on AdSs in the fol- 
lowing way: We say that V^i, V2, V3 G T^AdSs is positively oriented, if 
Vi,V2,V^,un represents the positive orientation of M'^. 

Now let F : M — )■ AdSs be a spacelike immersion of an oriented surface 
and let z/ denote the future directed timelike unit normal of M within 
AdSs- We will assume that the orientation of M is chosen in such a 
way that for any positively oriented basis {61,62} of TpM the basis 
{DF{ei), DF{e2), v} represents the positive orientation of Tp(p)AdS3. 

For such an immersion let us define the six functions 

^^:M^M, ^^:= ^*(F*w:J) , A =1,2,3 

and 

'^^■.M^^, ^_^:=^*(F*u;f) , A = 1,2, 3, 

V2 

where F* denotes "pull-back" and * is the Hodge-Operator on forms. 
From equation ( HHj) one immediately gets q| 

{^lY + {^If - {^If = -- = {^If + {^'if - {^'if (49) 

and by construction we have ^^ > 0, so that 

^+ = (^_|, ^^, ^^) and ^_ = (^_!, ^^, ^j^) 

define two functions from M to EIi/^- ^+,^_ are called the self-dual 
resp. the anti-self-dual GauB maps of F and the GauB map ^ : M — )■ 
Gr2+(2,4) = Hi/^ X H^/^ is given by the pair ^ = (^+,^_). 



Let 



(-,■) + , ^ and a;= {/■,■) . 

^ 'Gr+{2,4) ' "^^ \i^ ^ 'Gr+(2,4) 



^■'choose an arbitrary unit tangent vector e of TpM and \etV = W = Ce, where 
C denotes the complex structure on M induced by the orientation and Riemannian 
metric on M 
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denote the Kahler metric, complex structure and Kahler form on the 
Grassmannian G'r^(2,4) = EI-^/ /2 x Hj^, /2. 

As was shown in [T], |TU] . we have '^*iij = 0, i.e. the GauB map of an 
immersion F : M ^ AdSa defines a Lagrangian immersion ^ : M — )■ 
Gr+(2,4). 



Let 



aadx' ®dx^ = ^*(-,-) , 

■' 'Gr+(2,4) 



denote the Riemannian metric on M induced by the Gaufi map. If D 
denotes the connection associated to a, then it is well known that the 
second fundamental tensor 

of the Lagrangian immersion is completely symmetric and that the 
mean curvature form r = Tjrfa;* on M, i.e. its trace Tj = cr^^Tijk (where 
{o-^^)j,k=i,2 denotes the inverse of {crjk)j,k=i,2), is closed. 

The first and second fundamental forms on M induced by F shall be 
denoted (as before) by Qijdx^ ® dx^ and hijdx'' ® dx^ . If we consider 
F as a map from M to M2) then the GauB formula shows that the 
second fundamental tensor A of M, considered as a submanifold of 
codimension two in M.2, decomposes into 

Aj = QijUN + hijV . (50) 

Lemma 5.1. Let F : M ^ AdSa he a spacelike immersion. With the 
same notations as above the following relations between the first and 
second fundamental forms of F and ^ are valid: 



(J. 



u 



9ij + g hikhji, (51) 

Tijk = "^ihjk , (52) 

where V denotes the Levi-Civita connection of gij. 

Proof. Straightforward computations using (H51) . (HUj) and (15UI) . D 

In particular, we observe that aij coincides with the tensor defined 
earlier in equation (IT8|) since in this special situation we have k = 1. 
As a corollary we obtain: 

Lemma 5.2. The Maslov class of the Gaufi map ^ is trivial and the 
Lagrangian angle is given by (f) = arctanAi + arctanA2, where Ai,A2 
are the principal curvatures of F : M ^ AdSs . 
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Proof. We have seen in Lemma [3.41 that = arctanAi + arctanA2 is a 
smooth function. Moreover we have q^ = a^^ and then 






O'^^Tkij 



= n. 

This means that the mean curvature form r of the GauB map satisfies 
r = d(j). Since r/vr represents the Maslov class, it must be trivial. D 

We will now treat the case where F : M x [0,T) — )■ AdSs is a smooth 
family of spacelike immersions satisfying an evolution equation of the 
form 

where / is an arbitrary smooth function and u the future directed 
timelike unit normal. The GauB maps of F depend on t and will vary 
in time. A straightforward computation gives the two relations 

^^'^,Dk^) =g'^%kVmf 



dt 



and 



so that 



d_ 
It 



Gr+(2,4) 



1^ = ^ {a^'VkfD0)+a^'g^'hskD^fD0. 



dt 
So we have shown: 

Lemma 5.3. Suppose F : M x [0, T) — )■ AdSa is a smooth family of 
spacelike immersions driven by the flow -^F = fu, where v denotes 
the future directed timelike unit normal. Then the Gaufi maps '^p : 
M X [0,r) — )■ G'r^(2,4) of F evolve according to 

^(Sp = [J o d^F + d'^F o ^f) V"/ . (53) 

where^ denotes the complex structure on (jr^(2,4), Wf is the Wein- 
garten map of F and V^/ denotes the gradient of f w.r.t. the induced 
metric a = ^* (■, ■) 

Gr+(2,4) 



26 KNUT SMOCZYK 

In particular, if we choose for / the Lagrangian angle = arctan Ai + 
arctan A2, then - up to the tangential term {(Mp ° ^f)^'^ f 1 which is of 
no interest concerning the geometric evolution - the GauB maps evolve 
by the Lagrangian mean curvature flow. 
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